Rules for integrands of the form P, [x] (a + bx* + ¢ x*)°

1: JPq[x] (a+bx*+cx*)Pdx whenpez*

Derivation: Algebraic expansion

Rule 1.2.2.5.1: If p € Z*, then

JPq [x] (a+bx®+cx*)Pdx — JExpandIntegr‘and[Pq [x] (a+bx®+cx*)?, x] dx

Program code:
Int[Pq_= (a_+b_.*x_"2+c_.*x_"4)"p_.,x_Symbol] :=

Int [ExpandIntegrand [Pqx (a+b*x*2+cxx"4) *p,x],x] /;
FreeQ[{a,b,c},x] &% PolyQ[Pq,x] && IGtQ[p,0]

2: Jpq [x] (a+bx*+cx*)Pdx whenPq[x, 0] =0

Derivation: Algebraic simplification

Rule 1.2.2.5.2: If Pq[X, @] == @, then

qu [x] (a+bx*+cx*)?dx — |xPolynomialQuotient[Pq[x], X, x] (a+bx*+cx*)?dx

Program code:

Int[Pq_=x (a_+b_.*x_"2+c_.xx_"4)"p_,x_Symbol] :=
Int[xxPolynomialQuotient[Pq,X,X] (a+bxx"2+cxx"4)"p,x]| /;
FreeQ[{a,b,c,p},x] & PolyQ[Pq,x] && EqQ[Coeff[Pq,x,0],0] && Not[MatchQ[Pq,x"m_.xu_. /; IntegerQ[m]]]



Rules for integrands of the form Pq(x) (a+b x"~2+c x"4)"p

3: JPq[x] (a+bx*+cx*)Pdx when - Pq[x?]

Derivation: Algebraic expansion
Basis: Pqx] = 3#/2P,[x, 2k] x2% + x {9V /2 P [x, 2k + 1] x2X
Note: This rule transforms e, (x; into a sum of the form q.[x] + xr,[x].

Rule 1.2.2.5.3: If = Pq | x|, then

. =y
J\Pq[x] (a+bx®+cx*)Pdx — J[ZPq[x, 2k] x2k] (a+bx2+cx4)p¢ilx+Jx [ZPq[x, 2k +1] x”] (a+bx®+cx*)Pdx
k=0 k=0

Program code:

Int[Pq_=(a_+b_.*x_"2+c_.*x_"4)"p_,x_Symbol] :=
Module[ {q=Expon[Pq,x],k},
Int[Sum|[Coeff[Pq,x,2xk] *x" (2xk) , {k,0,q/2} ]| * (a+b*x"2+c*x"4) ~p, x| +
Int [x+Sum[Coeff [Pq,X,2xk+1] *x" (2xk) , {k,0, (q-1) /2} ] * (a+bxx"2+c*x"4) ~p,x]|] /;
FreeQ[{a,b,c,p},x] && PolyQ[Pq,x] && Not[PolyQ[Pq,x"2]]



Rules for integrands of the form Pq(x) (a+b x"~2+c x"4)"p

4: J(d+ex2+fx4) (a+bx*+cx*)Pdx whenae-bd (2p+3) =@ A af-cd (4p+5) =

 Rulel2254:1fae-bd (2p+3) =@ Aaf-cd (4p+5) = O, then
J(d+ex2+fx4) (a+bx2+cX4)Pd]x - dx("“‘fb);z+cx“)p+

Program code:

Int[Pq_=x (a_+b_.*x_"2+c_.*x_"4)"p_.,x_Symbol]
With[{d=Coeff[Pq,x,0],e=Coeff[Pq,x,2],f=Coeff[Pq,x,4]},

dxx* (a+b*x"2+cxx*4)~ (p+1) /a /;
EqQ[axe-bxdx (2+p+3) ,0] && EqQ[axf-cxdx (4xp+5),0]] /;
FreeQ[{a,b,c,p},x] && PolyQ[Pq,x"2] && EqQ[Expon[Pq,x],4]

5 J(d+ex2+fx4+gx6) (a+bx®+cx*)Pdx wfen3a?g-c (4p+7) (ae-bd (2p+3)) =@ A 3a’f-3acd (4p+5) -b (2p+5) (ae-bd (2p+3)) =0

) Rule1.2.25.5:1f 3a’g-c (4p+7) (ae-bd (2p+3)) =0 A ,then

3a’f-3acd (4p+5)-b (2p+5) (ae-bd (2p+3)) =0

3ad -bd (2p+3 2 b x2 4\ p+1
j(d+ex2+fx4+gx5) (a+bx2+cx4)pd1x_,x( ad+(ae (2p+ 1)X)(a+ X2+ cx*)
3a

Program code:

Int[Pq_=x (a_+b_.*x_"2+c_.*x_"4)"p_.,x_Symbol]
With[{d=Coeff[Pq,x,0],e=Coeff[Pq,X,2],f=Coeff[Pq,x,4],g=Coeff[Pq,X,6]},
X* (3xa*xd+ (axe-bxd* (2xp+3) ) #x"2) * (a+b*x*2+cxx*4) ~ (p+1) / (3*a”2) /;
EqQ[3*a”2xg-c* (4xp+7) » (axe-bxdx (2xp+3) ) ,0] && EqQ[B*a"Z*f-B*a*c*d* (4%p+5) -bx (2xp+5) x (axe-bxd* (2xp+3) ) ,6] ] /3

FreeQ[{a,b,c,p},x] && PolyQ[Pq,x"2] && EqQ[Expon[Pq,X],6]



Rules for integrands of the form Pq(x) (a+b x"~2+c x"4)"p

Pq[%?]
6: -J-—dlx whenq>1
a+bx?+cx*

Derivation: Algebraic expansion

Rule 1.2.2.5.6: If q>1, then

Pq [x?] Pq [X?]
f— dx — JExpandIntegrand[—, x] dx
a+bx?+cx? a+bx?+cx?

Program code:

Int[Pq_/ (a_+b_.*x_"2+c_.*x_"4),x_Symbol] :=
Int [ExpandIntegrand [Pq/ (a+b*x"2+c*x*4) ,x],x] /;
FreeQ[{a,b,c},x] && PolyQ[Pq,x"2] && Expon[Pq,x"2]>1



Rules for integrands of the form Pq(x) (a+b x"~2+c x"4)"p

7 qu[xz] (a+bx*+cx*)Pdx whenq>1 A b?2-4ac=0

Derivation: Piecewise constant extraction

4 2, c x4\P
Basis: If b%> — 4 a ¢ == 0, then o, [abxext” g

<b+2 C X2>2p

Rule 1.2.2.5.7:1f g > 1 A b%? -4 ac == 0, then

(a +bx2+c x4) FracPart[p]

J.Pq[xz] (a+bx2+cx4)pc'ﬂx — qu[xz] (b+2cx2)2pd1x

(4 C) IntPart[p] (b +2c¢C XZ) 2 FracPart[p]

Program code:

Int[Pq_= (a_+b_.*x_"2+c_.*x_"4)"p_,x_Symbol] :=
(a+bxx*2+cxx*4) ~FracPart [p]/ ( (4xc) ~"IntPart[p] * (b+2xcxx”*2) ~ (2xFracPart[p])) *Int[Pqx (b+2xCcxx"2) " (2xp) ,X] /;
FreeQ[{a,b,c,p},x] && PolyQ[Pq,x*2] && Expon[Pq,x"2]>1 && EqQ[b”2-4xaxc,0]

8. qu[xz] (a+bx®+cx*)Pdx whenq>1 A b>-4ac+0

1: JPq[xz] (a+bx®+cx*)Pdx whenq>1 A b>-4ac#0 A p<-1

Derivation: Algebraic expansion and trinomial recurrence 2b

Rule1.2.25.8.1:1f g>1 A b%2-4ac+0 A p<-1,let
Qq,z [Xz} - PolynomialQuotient {Pq [XZ} ,a+b X%+ ¢C X4, X} and d + e x* - PolynomialRemainder [Pq [x*], a+ bx* + c x*, x],
then

qu[xz] (a+bx2+cx4)pdlx —

j(d+ex2) (a+bX2+CX4)pdx+JQq_2[x2] (a+bx2+cx4)""1d1x —



Rules for integrands of the form Pq(x) (a+b x"~2+c x"4)"p

- -

x(a+bx2+cx“)'J+1 (abe-d(b*-2ac) -c(bd-2ae) x?)

+

2a(p+1) (b*-4ac)
1

J(a+bx2+cx“)"*1 (2a(p+1) (b®-4ac) Qq2[x*’] +b*d (2p+3) -2acd (4p+5) -~abe+c (4p+7) (bd-2ae) x*dx
2a(p+1) (b*-4ac)

Program code:

Int[Pq_* (a_+b_.*x_"2+c_.*x_"4)"p_,x_Symbol] :=

With[{d=Coeff [PolynomialRemainder [Pq,a+bxx"2+c*x"4,x],X,0],

e=Coeff[PolynomialRemainder [Pq,a+b*x"2+c*x 4,x],X,2]},
X* (a+b*x"2+cxx"4) "~ (p+1) » (axbxe-d* (b*2-2xaxc) -cx (bxd-2xaxe) xx*2) / (2xax (p+1) » (b"2-4xa*c)) +
1/ (2*a* (p+1) » (b”2-4xaxc) ) »Int [ (a+b*x"2+c*xx"4) * (p+1) =
ExpandToSum [z*a* (p+1) » (b*2-4xaxc) xPolynomialQuotient [Pq,a+b*x"2+c*xx"4,x] +
b”2xdx (2%p+3) -2xaxC*d* (4xp+5) —axbre+cx (4xp+7) » (bxd-2xaxe) *XAZ,X] ,X] ] /5

FreeQ[{a,b,c},x] && PolyQ[Pq,x"2] && Expon[Pq,x"2]>1 && NeQ[b"2-4xaxc,0] && LtQ[p,-1]

2: JPq[xz] (a+bx2+cx4)pd1x whengq>1 A b>-4ac#0 A p¢-1

Reference: G&R 2.160.3

Derivation: Trinomial recurrence 3awithA =90,B=1andm=m-n
Reference: G&R 2.104

Note:lf g>2 A p ¢ -1,then2q+4p+1 + 0.

Rule1.2.2.5.8.2:1f g >1 A b>-4ac+0 A p « -1,letesr,[2, q], then

qu[xz] (a+bx2+cx4)pdlx —

J.(Pq[xz] -ex?9) (a+bx2+cx4)"d1x+eJ-xzq (a+bx®+cx*)Pdx —



Rules for integrands of the form Pq(x) (a+b x"~2+c x"4)"p 7

+1
P 1

+ J(a+bx2+cx4)p-

c(2q+4p+1) c(2q+4p+1)
(c(2q+4p+1) Pg[x*] ~ae (2q-3) xX*%*-be (2q+2p-1) x*¥?-ce (2q+4p+1) X*%) dx

e x29-3 (a+bx2+cx4)

Program code:

Int[Pq_=(a_+b_.*x_"2+c_.*x_"4)"p_,x_Symbol] :=
With[{q=Expon[Pq,x"2],e=Coeff[Pq,x"2,Expon[Pq,x2]]},
exx” (2xq-3) » (a+b*x"2+c*x"4) ~ (p+1) / (C* (2*q+4xp+1)) +
1/ (c* (2xq+4%p+1) ) *Int [ (a+b*x"2+Cc*X"4) *p*
ExpandToSum[cx (2xq+4*p+1) xPq-axex (2xq-3) *X" (2xq-4) -bxex (2xq+2xp-1) *X" (2xq-2) -C*e€* (2xq+4*p+1) *X" (2*q) ,X] ,X] ] /3
FreeQ[{a,b,c,p},x] && PolyQ[Pg,x"2] && Expon[Pq,x"2]>1 &% NeQ[b”2-4xaxc,0] & & Not[LtQ[p,-1]]

S: JPq[x] (a+bx+cx*+dx®+ex*)Pdx when d® -4cde+8be?=0 A pe¢z*

Derivation: Integration by substitution

Basis:If d> -4 cde +8be? == 9, then

(a+bx+cx?+dx>+ex?)? =subst|(a+ ;25 - 20+ (c-328) x2rext)?, x, L +x]| 0y (L +x)

Rule:if d>-4cde+8be?==0 A p ¢z, then

d d4 bd 3 d? p d
JPq[x] (a+bx+cx2+dx3+ex4)pd1x—>Subst[JPq[x—— (a+ ——+[c——]x2+ex4] dlx,x,—+x]
4e 256e3> 8e 8e 4

Program code:

Int[Pq_*Q4_"p_,x_Symbol] :=
With[{a=Coeff[Q4,x,0],b=Coeff[Q4,X,1],c=Coeff[Q4,X,2],d=Coeff[Q4,X,3],e=Coeff[Q4,X,4]},
Subst[Int[SimplifyIntegrand[ReplaceAll[Pq,x—-d/ (4xe)+X]* (a+d"4/ (256xe"3)-bxd/ (8xe)+ (C-3%d"2/ (8xe)) xXx 2+exXx"4) *p,X],X],X,d/ (4+e) +x] /;
EqQ[d"3-4xcxdxe+8xbxe”2,0] && NeQ[d,0]] /;
FreeQ[p,x] && PolyQ[Pq,x] && PolyQ[Q4,x,4] && Not[IGtQ[p,0]]



